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Abstract—Cross-phase modulation (XPM) changes the state-of-
polarization (SOP) of the channels that leads to amplitude
modulation of the propagating waves in a WDM system. Due to
the presence of polarization mode dispersion (PMD), the angles
between the SOP of the channels change randomly and the
modulation amplitude fluctuation in the perturbed channel
becomes random. We analytically derive the dynamic equation of
the perturbed channel, determine the combined probability
density function of the random angle between the SOP of pumps
and probe channel and evaluate the impact of PMD on XPM for
a 4-channel IM-DD WDM system in terms of BER at bit rate of
10 Gbit/s per channel. We also simulate the interaction PMD and
XPM for a 4-chanel WDM system in terms of eye diagram and
found that eye opening penalty is 1.85 dB more when the fiber
PMD coefficient increases from 0.5 ps/\km to 1.5 ps/ Vkm.

Keywords- Cross-phase modulation, Polarization mode
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1. INTRODUCTION

Transmission in optical fiber communication systems is
impaired and ultimately limited by the four ‘horsemen’ of
optical fiber communication systems — chromatic dispersion,
amplified spontaneous emission noise from amplifier,
polarization mode dispersion (PMD) and fiber nonlinearity
[1]. Cross-phase modulation (XPM) is a nonlinear
phenomenon occurring in optical fibers when two or more
optical fields are transmitted through a fiber simultaneously.
The nonlinear phase modulation induced through XPM
depends on the bit pattern of the inducing channel and is
transferred as intensity fluctuation to neighboring channel
through group velocity dispersion (GVD) resulting the inter-
channel crosstalk. It has an important impact on the
performance of high-speed wavelength division multiplexing
(WDM) in optical fiber communication systems [2]. In the last
few years, many research works have been carried out on the
interaction among fiber nonlinearity, polarization variation
and PMD [3]-[10].
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Physically, PMD has its origin in the birefringence that is
present in any optical fiber. Just like signal distortion due to
chromatic dispersion and nonlinearity accumulate along the
length of the communication link, so does the polarization and
PMD. Q. Lin et al [5], developed a vector theory of XPM in
optical fiber and investigate the effect of PMD on XPM
crosstalk in a pump-probe configuration in terms of amplitude
of the probe fluctuation induced by a co-propagating pump
channel and found that PMD reduces the difference in the
average crosstalk level between cases of copolarized and
orthogonally polarized channels. G. Zhang et al [6],
experimentally reported that self phase modulation (SPM) can
suppress PMD penalty and XPM-induced polarization
scattering in dense WDM transmission systems can also
reduce the PMD impairment. R. Khosravani er al [7],
numerically and experimentally showed that nonlinear
polarization rotation can alter the polarization states of the bits
that varies from one bit to the next in a way that is difficult to
predict and in such cases, conventional PMD compensation
becomes impossible. We use Jones-matrix formalism for the
electric field evolution and Stokes-vector formalism for SOP
of pumps and channel under study on the Poincare sphere.

Due to birefringence in a single mode fiber (SMF), the relative
orientation between the pumps and channel under study state-
of-polarization (SOP) cause the XPM modulation amplitude to
be random. In this paper, first we analytically derive the
dynamic equation of the perturbed channel and then determine
the probability density function (pdf) of the random combined
angle 6 j(z) between the pumps and channel under study

(probe) SOP fluctuation that produce intensity dependent
pulse distortion on a propagating signal. Using the pdf we
analyzed the impact of PMD on XPM in terms of average bit
error rate (BER) for a 4-channel intensity modulation-direct
detection (IM-DD) WDM system at a bit rate of 10 Gbit/s per
channel. We also simulated the interaction of PMD and XPM
for a 4-channel WDM system in terms of eye diagram. To our
knowledge the influence of PMD on XPM in terms of BER is
yet to be reported in a WDM transmission system.
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Fig. 1: Block diagram of a WDM system with EDFA in cascade

. SYSTEM MODEL

The block diagram of a WDM system with EDFA in cascade
used for theoretical analysis of PMD and XPM interaction is
shown in Fig.1. The different channels are multiplexed by
WDM MUX and the composite signal is transmitted through a
SMF. To describe the combined effect of PMD on XPM, we
assume that except channel 2 all the other channels act as the
pump which modulate the transmitted data of channel 2 from
the laser diodes at wavelength, A je In this case channel 2 is

acts as a probe or channel under study. The in-line EDFA’s are
used in cascade to compensate the fiber losses. Finally, the
composite signal is demultiplexed at WDM DEMUX and from
the modulated carrier; wavelength A, original signal (channel

2) is recovered through IM-DD method

. THEORITICAL ANALYSIS

A. Evolution of Pumps and Probe Field

We assume that the channel under study (channel 2) is weak
enough and the SPM, XPM and intrachannel PMD induced by
it can be neglected. Although these effects broaden pulse in
each channel, they barely affect the interchannel XPM
interaction because the channel spacing typically is much
larger than channel bandwidth and the evolution of SOP of
the channels is mainly governed by the birefringence. The
XPM induces a time dependent phase shift as well as
nonlinear polarization rotation (NPR) on the probe channel
that cause the XPM induced modulation amplitude to be
random. To study the temporal modulation of cw channel 2
field as a consequence of all other pump fields, the following
equations can be written [5],
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where, we consider the XPM effects on channel 2, while other
channels act as the pump ( j #2). However, both beat length
(Lp =10m ) and correlation length ( L. =100m ) associated

B o-|A>

with residual birefringence are much shorter than the nonlinear
length ( L, >10 km , depending on the optical power). As a

result, the polarization rotation induced by the residual
birefringence is much faster than that induced by NPR. Thus
to average over the rapid polarization variation, it is
convenient to choose a rotating frame in which the SOP of
channel 2 remain frozen. Adopting a rotation frame through a

unitary transformation |A j> =T

}>, where the Jones matrix
T satisfies,
E = —éBl .O'i' (3)

The unitary matrix 7 in (3) corresponds to random rotations
of the Stokes vector on the Poincare sphere that do not change
the vector length. After averaging over the rapid variations
induced by T and using a reduced time variable a
T=(t—Bjpz) , we obtain,
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Where, POj:<Aj |AJ-> and ﬁjzm represents the
‘ Fo,

power and the unit Stokes vector of the jth channel
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representing the SOP of the channel on the Poincare sphere.
Furthermore, Q j=(-w;) is the channel spacing,

8 8 . .
€; :EY" and €, :572 are effective nonlinear parameters for

the jth channel and channel 2 respectively and
3B; =(Bi; —Bi2) group velocity mismatch between the jth

channel and channel 2.

Since, the fiber length (L) is typically much longer than the

birefringence correlation length ( L), we model b jasa three-

dimensional (3-D) stochastic process whose first- and second
moments are given by,

(b)) =0(b;(zb;(22)) = 05 ; (22~ 21) ©)
Where, csgj :éDZf ; I is the second-order unit tensor and

D, is the PMD co-efficient of the fiber.

From (4) we see that the pumps (all channels except channel
under study) polarization 13]- remain fixed in the rotating

frame. However, PMD changes the relative orientation
between the different pumps and channel 2 Stokes vectors at a
rate dictated by the magnitude of Q ;b . The effectiveness of

XPM depends not only on the group velocity mismatch df ;,

but also on the relative orientation of all the pumps and
channel 2 SOPs.

B. Dynamic Equation of the Perturbed Channel

We shall solve (4) and (5) to study the temporal modulation of
channel 2 induced by the combined effect of XPM and PMD
of all other channels. Since the modulation amplitude is small
in general, we can linearize (4) by assuming that

|A;)=|Az9)+|As;1)  where |A20> and |A,;) are unperturbed
and perturbed channel 2 fields respectively. Substituting this

in (4) we obtain the following two equations governing the
evolution of channel 2 field as,
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Where the dispersion term for |A20> was set to zero for a cw

input of channel 2. The total optical power of the channel 2
field is expressed as,

(AZ |A2> = (Azo |A20> + [(Azo |A21> +c. C.]E So + 650 (9)

Here we neglected (A,;|Az;) because of its smallness and

introduced the power and SOP of the unperturbed field as,

{A20|o|Az0)
So

To find the modulation amplitude 6S,, which is the measure

of the combined PMD and XPM-induced crosstalk, we first
find an equation for (A,y|A,;) only. Using (7) and (8), this

SO :<A20 |A20> and é: (10)

quantity is found to satisfy the following equation,
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Where, 6 j(z)=l3j §(z) is the random angle between the

different pumps and channel 2 SOPs. Equation (11) can be
solved analytically in the frequency domain because of its

linear nature. Using dS, =(Az|Ay;)+(Az|A2) and
introducing the normalized modulation amplitude for the jth
< 88y (L.w;) x o
channel 8y (0w) =——— , where, 8y () is given by,
J SO (L) J
L lL
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Where a tilde denotes the Fourier transform and ﬁoj (z,w) is

the Fourier spectrum of the different pumps power at a
distance z inside the fiber. The effects of PMD enter in this
equation through the angle 6;(z) . More precisely, PMD

randomly changes the angle between 13j and S along the fiber
and thus makes SX/_ (w) a random quantity. The total

modulation amplitude for channel 2 is just the algebraic sum
over all pump channels,

By =) 8y, @) (13)
J

To characterize the XPM-induced crosstalk, it is common to
introduce the modulation transfer function using the definition,

L L
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C. The Crosstalk Variance, o2,

The total average crosstalk level <8 X, (1:)> changes with time
P

depending on the bit pattern in the different pump channels.
Thus, & X, (t) fluctuates with time because of its doubly

random nature (i.e., bit pattern and birefringence). In the
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absence of residual birefringence, randomness comes only
from the bit pattern in the pump channels. In this case, it is
common to introduce the crosstalk variance, also called PMD
and XPM-induced interference, using the following equation,

T
c;’ z% .T[SX/ (‘C)]zdt

I (15)
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Where, T is the time interval of measurement.

If we assume that bit pattern in different channels are
independent of each other, it is easy to show that the variance
is also a sum over individual channel such that,

=0 (16)

Jj#2

D. Combined PDF and BER Expression

The 6;(z) is the sum of all randomly fluctuating angles

between the different pumps and the probe channel 2. So,
0;(z) can be written as,

0;(2)=61(2)+02(2) + 03(2)cvevcnen. +0y(2) (17)

Since the different pumps polarization 131' remain constant and

the random variation of §(z) (unit vector of the SOP of
channel 2) will be responsible for the angle of 6,(z).

We have already analytically determined the pdf of 6 (z) for

a 2 channel (pump-probe configuration), which is given by,
p(G,z):%+%zlexp(—%n2mzz) cosm(8—0g) (18)

where, 6(z) =.P §(z) is the random angle between the pump
and probe SOPs and 6, is the initial angle.

Now assuming the random variables 0,(z), 0,(z), 05(2) ....

Oy (z) are independent and identically-distributed (iid) in

nature, then the combined pdf of SOP fluctuation angles for a
multi-channel system can be written as the convolution of all
the individual random angle that the channel 2 makes with
different pumps SOPs (which results (N-2) folds convolution),

Peombined02)=p©1,2)® p(8,,2)® p(63,2)......... p®y.2)  (19)

The signal to crosstalk noise ratio (SCNR) can be written as,

(Ry50)*

62, +62

SCNR = (20)

where o2, crosstalk variance due to the combined effect of

PMD and XPM of all pump channels, > noise variance,

I, =R;Sy, R; is the responsivity and S, is the affected
channel 2 power. Thus,
2
1
SCNR( for angle 0,)=——>—— 21

;,(89)+0;

IV. RESULTS AND DISCUSSION

Following the analytical approach, the performance of a 4-
chnnael WDM system is investigated at a bit rate of 10 Gbit/s
per channel. Out of 4-channels, we assumed that channel 1, 3
and 4 are pump channel and channel 2 is channel under study,
on which we observe the effect of XPM and PMD. The
combined pdf, p ,mpined (8, 2) Of the random polarization angle

between the pumps and channel 2 is evaluated for various
length of the single mode fiber and shown in Fig.2. From the
figure, it is noticed that for channel spacing, AA =0.8 nm and
at z =0, the pdf results a delta function. The pdf becomes flat
(higher variance) as link length increases and the obtained 4-
channel random angle pdf is more close to the normal
distribution.

T T
Channel separation, © = 0.8 nm SN
o | [PMD corefficient, Dp=0.5 psi km 7 \

L=2
— = L=4
09 i i * L=60km H
i L=8
L=1

Combined pdf, pompined®:2)

e i | e
-4 -3 -2 -1 0 1 2 3 4
Random angle between pumps and channel 2 SOPs, e}(z) = Pi' S(z)

Fig. 2: Plots of pdf of Gj (z) = IA’j .§(z) at different length of fiber link

The average BER vs pump power is plotted in Fig.3 for
different channel spacing. We use the wavelengths from
1549.4 nm to 1552.8 nm to accommodate the 4-cahnnels. It is
observed that the impact of PMD and XPM increases as the
channel spacing decreases for specific pump power. For
example, when the total pump power is 0 dBm, channel 2
BER is about 10° and 10" at channel spacing of 2 nm and
3 nm respectively. However, at increased pump power the
BER increases and when pump power is about 18 dBm the
BER curves makes a floor at 10" irrespective of channel
spacing.
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Fig.3: Plots of average BER vs pump power for different
channel spacing

To evaluate the effect XPM and PMD on channel under study,
we vary the channel 2 power from -2 dBm to 16 dBm and the
results of this evaluation is shown Fig. 4. It is found that at
relatively high pump and for channel 2 fixed input power, the
BER performance deteriorates sharply. It happens due to the
strong interaction of PMD and XPM. For example, when the
pump power (each channel) is -15dBm, we can achieve of
BER 10° for a power of 8 dBm of channel 2. Keeping the
channel 2 power constant, it is observed that at 20 dBm pumps
power the BER drops to 10™" only. This deterioration happens
due to the higher modulation amplitude fluctuation as a result
of high pump power.

10° X§\

Average Bit Error Rate (BER)
o~
2~ S
R |
3

' 0dBm \\
4-channel WDM system
Channel spacing; Ax=1 nr

Channel pump power, -15 dBm

-2 0 2 4 6 8 10 12 14 16

. Channel 2 power, P2 ( dBm)
Fig. 4: Plots of average BER vs channel 2 power for

different pumps power

The transfer function for amplitude fluctuation of channel 2
is derived in (14). We evaluate the average amplitude
fluctuations for 3-different channel spacing (in wavelength) as

a function of fiber link length and shown in Fig.5. It is seen
from the figure that for higher channel spacing the crosstalk is
less or minimum. For example, at 100 km the amount of
average amplitude fluctuation or crosstalk is -33 dB, -27 dB
and -23 dB for channel spacing of 4 nm, 1 nm and 4 nm
respectively.

Channel spacing, A% = 0.4 om /

20+
Channel spacing, £ = 1nm
Channel spacing, 4 = 4 nm

4-Channel WDM System

Transfer Function H(w) in dB

50 i i i I I i I i
20 40 60 80 100 120 140 160 180 200

Fiber link length in km

Fig. 5: Average amplitude transfer function vs fiber link length

We carried out simulation of the interaction between PMD
and XPM for a 4-channel WDM system in presence of
chromatic dispersion. The channels are modulated at 10 Gbit/s
data rate using NRZ format and separated by 1 nm and the
distance between the inline optical EDFA fiber amplifiers is
100 km (span length). To assess the impact of XPM and PMD
on channel in electrical domain we monitor the eye diagram of
the channels at the input (back-to-back) as well as at the output
for a receiver sensitivity of -24 dBm (at a BER of 10™). Fig.6
shows the eye diagrams at the input and output of the fiber link
of different channels for PMD coefficients of 0.5 ps/\/km and
1.5 ps/Nkm.

It is observed that for a fixed channel space (Inm in this
case) the channel 2 eye diagram deteriorates more at 1.5
ps/km than that of 0.50 ps/km and other channels are also
affected due the high value of PMD coefficient. We may
calculate the average eye opening penalty (EOP) due to PMD
and XPM in channel 2. Here, we define the parameter of the
eye-opening penalty (EOP) as

EOP =-20 10g[£J (22)
By

where, B is the eye opening without PMD effect and By is the
eye-opening with PMD and XPM in channel 2. In this case, it
is found that the EOP (at a probability of 107) at PMD
coefficient 1.5 ps/Vkm is about 1.85 dB more than that of 0.5
ps/\km.
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Fig. 6: (a) Base line eye diagram (back-to-back), (b) Channel 1- 4 at the output for a PMD coefficient of 0.5 ps/\/km; (c) Channel

1- 4 at the output for a PMD coefficient of 1.5 ps/\/km

The Plots of bit error rate (BER) vs input pump power is
shown in Fig.7. It is observed that the maximum interaction
occurs between XPM and PMD at zero dispersion co-efficient
(i.e., the BER is significantly higher) and as the dispersion
coefficient increases the effect is less due to the walk-off
phenomenon. On the other hand, as pump power increases the
BER decreases due to the larger effect of PMD and XPM

1
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—o BER at dizpersion=10

le-040

=10 -3 & -7 -& -5 -4 -3 -z -1 o

input pump power Pin in dBm

Fig. 7: BER vs input pump power for chromatic dispersion
coefficient (dispersion) , D, = 0 ps/nm-km - 6 ps/nm-km

V. CONCLUSION

In this research work, we have developed a vector theory of
XPM and PMD interaction phenomenon that occurs inside
optical fibers using the Jones-matrix formalism for a WDM
transmission system. We applied the theory for a 4-channel
WDM system in which channel 2 in which the week cw
signal is perturbed by other 3 co-propagating channels. The
birefringence fluctuations responsible for PMD change the
relative orientation 6 ;(z) between the pumps and channel

2 Stokes vectors. It is shown that changes in 6 (@ affect

the XPM interaction among the various channels and PMD
induced XPM crosstalk becomes polarization independent
when channel spacing is large (i.e., >4 nm).

We have also demonstrated the interaction of PMD and
nonlinear SMF effect XPM by Rsoft OptSim simulation

software in a 4-channel WDM system in terms of eye
diagram and BER. We show that PMD changes the XPM
efficiency and affects the interference condition among the
XPM-induced nonlinear phase shifts in different sections of
the fiber link.
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